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The scattering from the overlap electron density w¥ (r — r,) W;s(r — ry) between two orbitals on stationary

atoms at r, = 0 and r; may be expressed as

Xiajp(k) = J‘W}'a(f —r,) Wj[;(r - rﬂ) expik.(r—r,)dV = OZO: i’,u,,,,(k) YR (k),

{(=1m|

where #,,(k) is an orientation-independent term. Y%, (k) are spherical harmonics, where the scattering vector
k is defined in spherical coordinates (k,8,,¢,) and 8, = O corresponds to the direction R = fp—r,.m=My~—
M, where M, and A{f are the magnetic quantum numbers of the two orbitals defined about the direction R.

The general case is
orbitals.

Introduction

The X-ray structure factor for the reciprocal-lattice
vector k may be expressed as F(k) = [p(r) x
exp(ik.r) dV,, where k = 4z sin §/A and p(r) = py(r) +
p'(r) + ip"(r). p(r) is the dynamically averaged scatter-
ing density at r, p,(r) is the dynamically averaged
electron density at r, and p'(r) and p"(r) are wave-
length-dependent contributions.

escribed and more detailed expressions are given for overlaps involving s, p,, p,, p,

It is also useful to describe the structure factor as

F(k) =2 f. (k) T,(k) exp(ik.r,),

where f, (k) T, exp(ik.r,) is the contribution to F(k)
from the «th atom whose most probable nucleus
position is r,.f,(k) can be evaluated from a static
model where all nuclei are at their most probable
positions. 7,(k) may then be regarded as a thermal
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smearing function which accounts for atomic vibrations.
From a theoretical viewpoint T,(k) is not easy to
calculate and recent efforts by Ruysink & Vos (1974),
Stevens, Rys & Coppens (1977) and Scheringer (1977)
show the complexity of the problem and the approxi-
mations that must be made.

However, if T, (k) is regarded as being experimentally
determined, a better model than that of an isolated
spherical atom or ion is advantageous. The lack of easy
to use, orientation-dependent scattering factors for
overlap electron density between atoms has restricted
the advancement of such procedures. Original efforts
to evaluate scattering from overlap electron density
used Slater-type functions (McWeeny, 1952) but
Gaussian-type functions (McWeeny, 1953) have been
used for all practical purposes since then. However,
a simple formulation using Slater-type orbitals is
possible and this is the subject of this and the following
paper (Rae & Wood, 1978).

The wavelength-independent term of f,(k) may be
described as

Soa(K) = [pgo(r —r,) exp ik.(r—r,) dV,,

where p,, (r — r,) is the electron density associated with
the ath atom in the static model. We can describe the
pth electron as being in a molecular orbital

()= 2 ab vy, (r—r,),

i,

where a?, is a coefficient and y,, is the ith member of
an orthonormalized set of single-atom wave functions
at r,. We can thus say

Poa(t—T5) =4 2 1b;p ;s Wi (r — 1) wjs(r —rp)
iBj
+ O% 1 Wi (F — 1) Whs(e — 1],

where b, = 2,(a%)*a% and 2 po(r — r,)
= po(r). It is useful to assume by, ;5 = J;;9,, if i refers
to an inner shell electron orbital. J; has its usual
meaning (d; = 1 if i =j, 0 otherwise). The b,, jp may be
theoretically determined from quantum-mechanical
calculations but they are intrinsically refineable
parameters of the X-ray diffraction experiment. Ob-
viously, constrained refinement is an essential feature
of an experimental approach.

We must also include the wavelength-dependent
terms of f (k) = f, (k) + f. (k) + if)’(k), where f/(k)
and f'(k) correspond to the contribution of the ath
atom to p'(r) and p”(r) respectively. It is usual to
assume that these terms are the same as for an isolated
spherical atom.

Notations used in this paper are explained in the
Appendix. Throughout this paper we assume only
integral quantum numbers.

SCATTERING FACTORS FOR OVERLAP ELECTRON DENSITY

Theory

We wish to evaluate integrals of the type

xlajﬁ(k) = -[W;*a(r - ra) Wjﬁ (l‘ - l'/;) €xp ik.(l'— ra)dV’

and hence
Joo(K) = %%lbmmham(“) + 0% p Xy ROL (1)
1pJ

We can describe y; (r — r,) as R (r))O; » (6)Py (9,),
and Wiﬂ(' — ry as R p("z)@L,,M[,(Bz) ¢Mﬂ((oz), where
r, = r — r, has polar coordinates (r,0,,¢,), and
L=r—r has polar coordinates (r,,8,,9,). A simpler
notation 1s y,,(r;) = R,(r) Y, u (r), and y,(ry)
= Ry(r) Yy  (r). We must e)fpand' ,p(ry) about r,
and to do this we use the expansion

) 4n(2Ly+ 1) |12
r3s Y () = LZ: {(2L1 + DIQL, + l)!}

Li+L=L,
X
M,

M+ M=M,

X i Yp g (0)(=RY1 Y, (R) ')

propounded by Moshinsky (1959); R = r; — r,
=r, — r,. We also use the well-known expression

(L,LyM, M,| L Mp)

!

expik.r, =472 2 ()" kr) Y, (K Y,_,(r)
I m=-1

3)

(Stewart, 1969; Antosiewicz, 1968). Using (2) and (3)

we can then say

Yiajp®) = X iH=1)" Y, (Q)[4m(2L, + 1)1]V?

ILm
(LyL, M, M,| Ly M,)
[QL, + )L, + D?

X z (=R): YLIM,(R)
L,M,
Li+Ly=Lg

r’fz
X 47rfRa(rl)Rp(r2)@
X jilkr,) Y:aMa(rl) Y _m(r) YLzMz(rl) av.

We have yet to choose the axial directions that
define our polar coordinates and if we now choose
6, = 0 to correspond to the direction R then M, = 0,
M, = Mg and m = M, — M, for a non-zero contri-
bution to x;,;5(K). We will use the notation YF,,(r) to
denote that r1is defined relative to R. Now,

4RYZ,,M0(1'1) YIML,—Mp(rl) YLzMﬁ(rl)
=(=1M- X2 QI+ )L, + HCY(L,M,, L,My)

L,L;

x Ct«(LO,Ly M,) Y4(r) 4)
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with coefficients C’ given by Condon & Shortley (1935).
If we now change notation to use exclusively 3;
coefficients (Rotenberg, Bivins, Metropolis & Wooten,
1959) we obtain

xia,-p(k)= 2 i'p,m(k)

I=Im|

YlRm(k)a m= M,}_Mas (5)

where

() = [4n2] + 1L, + DQL; + DIVZ(=1)ts
X [2Ly+ DU (=1 Y (=R

L,
Li+L,=Lg

L, + D@L+ ]2 (L, L, L,
(2L, + )L, + 1) 0 My —M,
X 2 QL+ 1DQRL,+1)

L,L,
x LyL,\(Ly L,!I\[LL;L) (L L,L,
0 00/\a,—m,m o0 o) \o—nr,m,
X Iy (), (6)
Ly (k) = f R (rl)R,,(rz) _],(krl)  (cos §)dV, ()

is an axlally symmetric mtegral, the evaluation of which
is discussed in Rae & Wood (1978). It should be noted
that for the special case where R = 0 the only non-zero
contribution to 4, (k) iswhen L=L,=0,L,=L s and
L,=L, Then

HK) = (1" (4221 + DIV CAL, M, Ly M)

X <jl(k)>aﬂ’ (8)

where

Bep = | RDRADIEr)RGre )

is a special case of the more general integral /;;, (k).
The result agrees with that of Stewart (1969) obtained
with only single-centre overlaps. The maximum value
of Lisl+L,+ L,

We see that the scattering factors are evaluated by
redefining k relative to various bonds R =r, — r,. We
thus wish to describe functions Y,,,(r) defined relative
to standard reference axes X, Y, Z as combinations of
functions YX,(r) defined relative to axes X%, YR, ZR,
where ZR® is in the direction R:

YEn(D) =2 Apy Y (0),  Ypp(r) = ZA w Yin(0). (10)
M

We shall transform the axial system in two stages. Let

R have polar coordinates (R, &, ¢;) relative to the

standard reference axes. We first rotate by ¢, about Z.

This creates Y® normal to R. We then rotate by 6,

about Y® to create Z® in the R direction. This is

721

equivalent to first rotating by 6, about Y followed by a
rotation of ¢, about Z enabling the evaluation of 4,,,
(Brink & Satchler, 1968) as

Ay = exp (—iMog) di (6L, (11)
where
dyn(0) = 2 (1)
(L + ML — ML + ML — M)|V?
(L+N—D)W(L—-M-)'(t+ M—N)!
(12)

X cosP— sin? —
2 2’

p=2L+N—-—M—2,qg=2t+ M— N and ¢ has any
integer value that gives only non-negative numbers for
the evaluation of factorials;

din(0) = dZy_yy(0) = d, (—0) = (=1 ~V g, (6). (13)

Table 1. Functional forms yx,, ; 8 (k) for overlaps between
real functions

Note m, =My — M, m, =Mz + MM, >0,M;>0,

#,,,,(k) I8 ,,,(k)
W[q(rl)/Rn(rl) Wj;;(rz)/Rp('}) Xiajp(k)

YEo(r) YE(r) Zzﬂ,o(k)Y (k)
V) V) %; gy ) Yy oK)
YR V) il a0 Yy (K
Vel YEor)  (—Ipe ,.% 1 b () Yy, oK)
Valtd V() 0 i 078,00
YRadt)  YEu (5 7‘—' % i () YR, ()

¥ ("71)21 2 09V, 0
YR mas(r) YR (r) 7151 2 (O Yy, ()

—1
S S

1 o0
Y iu, R)YE (&)
V2 I=1m,l ! "

(1o
+ 72—' , %Z’ 'ulmz(k) Ylmz.s( )

7_ e lz i ”lml(k) Ylm, s )
(_—:7)21 Z i tulmz(k) Ylmz s( )
I=mjy

Yf,,M,..c("x) Yfpup.s( r)

YZQMa.s(rI) Y’fWﬁ- r)
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We can define real functions

1
Yim, ()= 75 [Y, () + (=DM Y,,,(r)]

and .
Y ,s(r) = \_/lf (Y, () — (=) ¥, ()]

If we do so then the axial transformation above gives

Yio(r) = dgo(Op) Yo () + > \/2 dyo(6p) Y (D),

N>0
Y o(®) = /2 d%,,(6,) cos Mo, YR (1)
+ 2 ld5(Br) + (1M &, (6)]

N>0

X cos Mo, Y§, (p)

+ 2 [—di ) + (=DM a5 _ 4 (6R))
N>Q

X sin Mg, Y ,‘jm(r),
Yiur,s(0) = /2d5,,(6,) sin Mg, YE(r)
+ 2 a5 (6 + (—1M %,y (6,))

N>0

xsinMop,Y ,‘:‘N,c(r)

-2 [—dli/M(ok) + (—l)MdN—M(ek)]
N>0

X cos Mo, YE, (r).

In particular, when L =1

Dy COs O COS @ —sin @,  sin G cos g /PR

( py) = (cos 0, sin @, cos ¢y sin B, sin ¢R) (pf) .

D, —sin 6, 0  cos 6, ¥/
(15)

The overlap between real functions can be evaluated
as combinations of terms of the form contained in (5).
Table 1 contains expressions for y;, ;p(K) for the overlap
of real orbitals.

If we define y,, as

~ [(21 +1) (- lml)!] vz
M an (+ Imbt|
then Y7 (k) = y,o P (cos 6,), and for m > 0
YR, (K) = \/2%,, PP (cos 6,) cos mg,,
YE (&) = /2, PF (cos ) sin mg,
YF oK) = (=1)"\/2y,, PF (cos 6,) cos m,
and
YR m,s(K) = —(=1)" /2y, P (cos 6,) sin mp,.

We should note that m, = M; — M, in Table 1 can
have any integer value. Functional forms of Vimtm(K)

(16)

(14)  for overlaps between s and p orbitals are given in Table

Table 2. Functional forms of Vim,Mim, (k) and Vim, im, k), where my = M s~ M m,=M s+ M,

The functions are identical if either M, or My=0.

L, M, Lg My Value
0 0 0 O Q1+ 1) I (k)
0 0 1 0 3VA+ DIy (R) + dy_yk)y—RQL+ 1) 1R
1 0 0 0 33+ )1y, 10k) + Iy oK)
3 172
0 0 1 1 5 [_Ill+ll(k) + Ill—u(k)]
3 172
1 1 0 0 2 [Iuno(k) — Iy _19(k)]
(+1D)(I+2) Ii—1) 7+ 1) 2
1 0 1 0 3 {W Iy, (k) + m Iy_y (k) + [m + '(‘27_—])] Iy, (k)

~RI(+ 1) Iy, 1K) + U oK) )

3 a+2) ) -+

1 1 _ = fesn 0
° ! 75: @+ 3) e ®+ Gy Lun® [(2, T3 " Gis 1)] Ltk }

3 [ U+2) () U+1) I}

1 1 1 0 75{-—(21 T3 Iu+21(k)————(21_ m Iy (k) + [*(21 3 -—(—21:—)] I, (k)
- R[Ill+ lo(k) — Iu_w(k)]}
3(d+DU+2) -1

1 1 1 1 Yiolp(k) = 3 { %‘:;)— 11, (k) — Iy, 5, (k)] + (—21_—1) (k) — 1”_21(1()]}

3 1
Y tp(k) = 5 {m

1
[y (k) — 1y, 5, (R)] + (—21———6 (k) — III-Zl(k)]}
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Table 3. Functional forms of y,, (k) for overlaps
between real s and p orbitals

Vimlim(k) values are given in Table 2 for the appropriate

L.M,, LM, combination.
Vi (ry) ¢jp(r7) xialﬁ(k)
<«
) s s 2 iy (k) PY (cos 6,)
=0
s pl
y 2 s
pz pl
e}
@ s Ps V2 X iy (k) P} (cos 8, cos g,
=1
pz px
@
®) s Py V2 2 ity (k) P} (cos 8 sin g,
=1
p1 py
o«
@ s —V/2 2 'y ,(k) P} (cos B cos g,
=1
y Y2
e}
®) P, s —V/2 2 iy, (k) P} (cos B) sin o,
=1
py p,
[eo]
(6) Py Py — 2 i'¥p#(k) P} (cos ) sin 29,
=2
Dy Dx w
0 P, p 2 iy (k) P (cos 6,)
* 1=0
[+
— iy (k) P (cos 6,) cos 29,
=2
[eo]
(8) by by > iy k) P} (cos 6,)

=0

@
+ 2 'y, u,(k) P} (cos ) cos 2¢,
I=1

2. Functional forms of y,, ;s(k) for these orbitals are
given in Table 3. Functional forms of x,, ;;(k) are given
in Table 4 for the special case when both orbitals are
on the same atom.

APPENDIX

Associated Legendre polynomial:

dm
P7 (cos 0) = sin™ § ————— P, (cos 6).
™ (cos 6) ——— P (cos 6)
Legendre polynomial:

]

d
Teosdl (cos28— 1Y, p(l)=1.

P1 (cos 6) = ﬁ dcos

723

Table 4. Functional forms of ¥,;,(k) for overlaps
between real orbitals on the same atom

k has direction cosines (¢,,2,,¢,) relative to the axial system used
for orbitals. (j,(k)) is defined in (9). The omitted expressions are
obtained by permutation of the ¢, 7, ¢, indices.

Wla(r) Wja(r) Xia ja(k)
s s Colk))
s P iV/31,(,(0)
P: p: (k) + (1 = 3D (k)
by Py =38, 1 (K))

Spherical harmonics:

QI+ 1D —my| 2
4n (I + m)!
X P (cos 6) exp img

Q2 +1) (—m)
Yl—m(a’ ®) =|:‘4—n(m

Form >0, Y,,(0,0) = (—1)™ [

1/2
] P (cos &) exp — img.

Product of spherical harmonics:

Yllml(gi ®) lem (99 )= Z o Y[,,,I.an(ea o),
1]

2

where

2L+ 1\ V2
Q= e Ch(lm, + my, I,my)

_ iy [@i+ vt + et + 1)} %
B L 4

N l L L[l
—m, —m, m; m,/\0 00

3-j symbols and Wigner coefficients:

l ll lz (_1)1—1,—m2
= —— Al [,—m,).
(m m, mz) (2L, + 1)2 Uy mm | l,—my)

Spherical Bessel function:

JD)= cozs z . ) = sin z
2 1
jn+ l(z) = S’%)./n(z) ~jn— 1(2).
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Calculation of Integrals for Overlap Electron Density Scattering Factors
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A new method is given for the calculation of integrals

1 ) k) = Ra r)R,(r J kr,) P, (cos 8,)dV
UL 4an 1723 g\2 2‘13 ! V4L 1

which are needed to evaluate orientation-dependent scattering factors for the overlap electron density between

orbitals on stationary atoms at r, and ry, where r, = r —

I, =TT and R, (r,) and R (r,) are Slater-type

radial functions. The integration may be reduced to the sum of an algebraic term and a one-dimensional
numeric integration between 0 and R, where R =r; —r,,.

Introduction

Let y/m(r,) =R (rl)YR (1‘1) and yu(r,) = (r2) X
YR ﬂMp(r,_) be orbitals on statlonary atoms atr, and r,
respectively, where r, = r —r, and r, = r — r; The
X-ray scattering from the overlap electron d%nsny
Wi (1)) w;(ry) may then be expressed (Rae, 1978) as

xlaj/}(k) = Z 1} Aulm(k) Y (k)5 m= MB - Ma’
I=1m|

(1
The scattering vector k has polar coordinates (k, &, ¢,)
defined relative to a local axial system, where 6, = 0
corresponds to the direction R = r; — r,. Likewise, r,
has polar coordinates (r,,0,,¢,) and r, has polar
coordinates (r2 ,,¥,) relative to the same axes.
YEu (r), Y (r,) YR (k) are spherical harmonics
with the approprlate polar coordinates defined above.
The evaluation of y,,(k) requires the calculation of
axially symmetric integrals

i "
L B = o | Ry Ry(r) L k) Py cos 6) d,
i @

where k = 4msin §/A, 6 being the Bragg angle. The
evaluation of these integrals for Slater-type orbitals is
the subject of this paper.

Theory
We expand R(r,)/r;# about r,, as

(e o]
Ry(r)/re= 2 (L' + DPp(cos O)U,.,(ro,rs), (3)
L'=0
where U, ,(r_,r,) is a function of r_ and r, and P,.(cos
6, is a Legendre polynomial of order L'. r_ is the
smaller and r, the greater of r, and R. (3) enables us to
say

Iy, (k) = f Ra(r,)_ rhejkr) U(r,r,)ridr, (4)
0

from the orthogonality of Legendre polynomials, i.e.

2L+ 1

f JaP (cos 8,) P, (cos §,)d cos 8, dop, =, ,.,
-1 0

where §,,, = 1iffL=L',0if L#L".



